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Oépata peyarov TaEewv

INPOBAHMA 1
O Beticol aképatot p, g elvan Tp®TOL PETAED TOLE Kol TKOVOTTOL0VV TV £i0mo

p+q’ :(n2 +1)p2 +q,
6mov M mapapeTpog # givar Beticdg aképatog. Bpeite dAa ta Suvatd Levyn ( D, q) .

Avon
H dedopévn e€lowon givarl icodvvaun pe v e&icmon

q(q—l):p[(n2+1)p—l] (1)
Enedn eivie MKA{p,q} =1, oamd v (1) éneton 611 p‘q -1, q‘(nz + l)p —1 ko

g-1 (n2+1)p—1

= =k, 2)
p q
omov k BeTikdg axéparog. Amo tig eEilomaoelg (2) Aappdvovpe
k+1
=kp+1 xou p=—-"7"—. 3

Eneion o p eivon Betikdg axéparog, amd v (3) émeton ot
0<n +1-k* <k+1=k <n’ +1<k* +k+1

=Sk -1<n <k =k <n* <k +k<(k+1),

omote TPOoKLATEL OTL k = n. Etol and 116 oyéoeig (3) Aappavoope:
n+1
=—————=n+lxong=n(n+1)+1=n>+n+l.
n+1-n 1 ( )
Edkolo Swmotdvovpe o6t 1o Cevydpt ( p,q) = (n +1, n*+n+ 1) emoAnOevel ™
Sedopévn eiomon kon 6T wyver: MKA{ p,q} =1. Hpaypan, av eivar MKA{p,q} =d,

to1E d|(q —np) =1, onote O eivan d =1.

IMPOBAHMA 2
Na mpocdiopicere 6Aa To P UNdOEVIKG TOALOVLLO P(x) Kot Q(x) LE TPOAYLLOTIKOVG

GLVTEAEOTEG, EAOyioTOL duvatoy Babuov, TéToln MoTe

P(x2)+Q(x) = P(x)+x5Q(x), Yo kébe x € R.



Avon
H dedopévn 10010 YpAeEeTal 16000V

P()cz)—P(x):(x5 —I)Q(x), vy kabe x € R. (D

To moAvdvupo Tov devtepov péAOVS €xel petald Tov prlav tov Tig pileg mépmtng tdéewmg
. 2 3 4 2z .. 27 . ;o
mg povadac: 1, o, o°, @, @, 6mov a):COS?+lSIH?, Yo Tig omoieg woydel Ot

@ =lxu o’ =w, =0
Ao v (1) AapPdavoope

e<we>:,P<w2>,P<w2>= (0):P(o7) = (o) = Pla). (o) = Plof) (o).
- (o) =Plor) = P(o).

Av b givon n ko] iy TV P( ),P( ) ( ) Kot P (a)4), 1OTE TO TOAVMDVVLUO

P(x) —b &y pileg Tovg apbpovs @, @, @, @*, omdte o 1oydEL:
P(x)-b :(x—a))(x—af)(x—af)(x—af‘)R(x)
& P(x) :(x4 +x+x° +x+1)R(x)+b.

Ened 1o moAvmvopo P(x) £YEL TPAYUOTIKODS CUVTEAECTEC TTPEMEL TO 1010 VA, IYVEL KO
Y10, T0 TOAV®VVHO R (x) ko emiong npénel b € R . Emmhéov, mpénet to molvdvopo P (x) va
glvatl Tov gldyioTov dvvatov PBabpov, £metol 4Tl TO TOAVMVLUO R(x) npémel vo, gival Tov
eldytotov duvartol Pabpov. Av gival R(x) =0, ondte dgv opileton o Padudg tov, ToTE AMd
mv (1) Tpoxvmtet dtt (x5 —I)Q(x) =0, and v onoia, dedopuévon 6Tt 0 S0KTOALOG ]R[x]
TOV TOAVOVOUWOV TPUYHOTIKNG LETAPANTAG OV £xEl UNOEVOIOPETES, EMETOL OTL Q(x) =0,
mov eival pun amodekto. Emopévmg to molvdvopo R(x) mpéMEL va gival undevikod Padpod,
dnradn otabepd moAvdvopo, éotm R (x) =a#0. Tote Oa égovpe

P(x) :a(x4 +x +x° +x+1)+b :a<x4 +X +x° +x)+c,
omov aeR’,c=a+beR.

Enopévamg, n oxéon (1) yiverat

P(x*)-P(x)=(x"-1)0(x)
<:>a(x8+x6+x4+x2) (x +x° +x +x) (xs—l)Q X
ea(x -3 +x°—x)=(x -1)0(x)
ea(x +x)(x -1)=(x*-1)0(x)
= (x5 —1)[a(x3 +x)—Q(x)] =0.
Amé T tehevtaio 106 Tokvavipey éretat 6t Q(x)=a(x’+x), aeR’.
2% 1pémog

O gldyiotog duvatdg Pabuog tov moAvmviuov Tov devtépov pélovg g (1) etvan 5, eved o
Babpdc Tov TOAV@VVOL TOL TPMTOV PEAOVG Eival APTLOG, 0TdTE Bl EYovpE
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mindegQ(x)=1 xou mindeg P(x)=3.
Av vrobécovpe 6T P(x) =ax’ +a,x’ +ax+a,, a,,a,,a,,a, € R, a, #0, 1618 amd

dedopEVI 1I60TNTA TOAVOVOU®Y AdpuPdvovpe

P(xz)—P(x) =(x"-1)0(x) (1)
:>(x5—1)P(x2) =ax’ +a,x* +ax’ +a,-ax’ —a,x’ —ax-a,
:>(x5—1) a3(x6 )+a2x +ax’ —a,x’ —ax
= (x"—1)|a,| 2(x* ~1)+(x-2") |+ ax* + ax” —a,x" —ax
=(x-1) a3[x(x5—1)]+a2x4—a3x3+(a1—a2)x2+(a3—al)x.

. ; . , . 4 3 2
Amd v tekevtaia oxfon mpokdmrel 0Tl a,X —a,x” + (a1 —a, )x +(a3 —al)x =0,

ométe Aoppavoone a, =a, =0, a,—a, =0, a,—a, =0< a, =a, =a, =0, arono.
Emopévmg dev vmapyer molvdvopo P(x) tpitov Pabuov TéTolo, MOTE VO GYVEL 1

. . . , 4 3 2
dedopévn 1ootnTe. ZTn  ouvéxew Bewpodue P(x) =a,x +a,x +a,x"+ax+a,, pe
* r r r r
a,,a,,a,,a, € R,a, e R . Epyalopevol, onwg nopomivo, hapfdvovpe:

P(x*)-P(x)=(x"-1)0(x) 1)

= (x5 —1) P(xz)—P(x) =ax' +ax’+a,x*+ax’ +a,-ax' —ax’ —ax’ —ax-a,
= (x5 —1) a, [(x5 —l)x3 +x3}—i-a3 [(x5 —1)x+x}+a2x4 +ax’—ax'—ax’—ax’—ax
= (x5 —1) (x5 —1)(cz4x3 +a3x)+(a2 —a,)x*+(a,—ay)x +(a,—a,)x* +(a, —a,) x

A7 TV TELgLTAIN 1GOTNTA TPOKVTTEL OTL
4 2 *
(a2 —a4)x +(a4 —a3)x3 +(al —az)x +(a3 —al)x:0<:> a=a,=a,=a,cR,
omote Aapupdvoope
P(x)—a *+ax’+ax’+ax+a,=a,(x*+x +x*+x)+a,,a, R ,a, R
— % 3 2 1 0o~ “4 04 >0 :
2 ovvéyela anod ) oxéon (1) Tpokdmtel Ot

P(x2)—P(x)=(x5 —1)(a4x3 +a4x):(x5 —I)Q(x): Q(x):a4 (x3 +x),a4 eR".

ITPOBAHMA 3
Atvetan o&uydvio tpiyovo ABIT (e AB < AT <BI'), eyyeypappévo oe kbxro
c(O,R) (pe xévipo 10 onueio O xot axtiva R). H dyyotépog AA téuver tov

nepryeypappévo kokio c(O,R) oto onueto K. O xoxhog ¢, (O,,R) (mov éxel 10
kévipo otnv OA «kou mepvdel amd ta onueion A,A), téuvet tnv AB oto E xon v

Al ot0 Z. Av M, N eivor ta péca tov ZI' kxoau BE avtiotoryo, amodei&te dti ot
evbeieg EZ, AM ,KI' mepvave and 1o 1610 onueio (éotw T), o1 evbeieg EZ, AN, KB
nepvave omd 1o 1010 onpeio (éotw S) kot 6tim OK eivar pecokdbetn g TS.

Avon
Egodcov 10 kévtpo tov kbklov ¢, Bploketatl endvm otnv OA, ot KOKAOL ¢ Kot ¢,
0o epdntovtar eowtepikd oto onueio A. AnAadn ot kOkAot ¢ kot ¢, elvan
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opotdfetot ot opotobesia pe kévrpo 1o onpeio A kot Adyo 4 (A elvar o Adyog twv
aKTIiVOV T®V 000 KOKA®V).

Zyfpa 1
Av howmdv kamowa gvbeio mepvaegl amd to onueio A Kot TEUVEL TOVG KUKAOVS ¢
Kot ¢, ota onueic ® ko O, avtictorya, Tote AO = 1A0,.

Me Bdiomn Tig TPONYOUUEVEG CKEYELG EXOVLLE:

H BT eivonr opowdbemn g EZ, ondte BI'//EZ. H KI' elvar opotdfetn g
AZ , onéte KI'//AZ.Eotw T 10 onueio toung tov EZ ko KI'. Tote to AZTD
etvan TapoAAnAdypappo, dpo korn AM Ba mepvaet amd to onpeio T.

Me 6poto tpdmo amodeikviovpe 6Tt kot to AESB givanl maparinAdypappo, omodte
ot evbeiec EZ, AN ,KB mepvdve and 1o onueio S.

Egpdcov 10 O eivan 10 opowdBeto tov O, kau K 710 opoidbero tov A,

ovunepaivoope o6t O,A//OK ko emewdy OK LBI' (dwott K eivar 10 péco tov
16&ov BI'), cvumepaivoope 61t O,A L BI'.

Apoan BI' gpdnteton tov kokhov ¢, (O,,R,) 610 onueio A.

Epocov A eivon to onpeio emagng Exovpe:

A =A,=A =A =2
2

(ovyovieg A . A , oynuotiovral omd yopdr Kot EQUTTOUEV)

e cuvovaoUo Topa e To TapaAnidypapnpe AESB ko AZTT, éyovpe:

A~ A

S=T=2.
2

Apa 10 tetpamievpo BI'TS eivar 1cookerég tpamélio Kou katd cvuvémeia 1 OK
etvan pecokdBetn g TS (51611 eivan pesokabetn g faong tov BIN).

IMPOBAHMA 4
To 100okerég Tpaméllo Tov GYNUATOG OmoTEAEITOL OO {00 PETAED TOVG ICOTAELPA
tplywva mov ot mhevpéc Tovg €yovv pnkog 1. H mhevpd AE €xer pixog 3 kot m

ueydin Paon tov A A éxer pnkog v—1. ZEekwape and to onpeio A, ko
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KWVOOHOOTE KOTE PNKOS TV €VOLYPAUU®V TUNHATOV oL opilovion pudvo mpog Ta
de1d Ko emdve (AoEd aplotepd 1 AoEa de&1d).

E

A A2 Ay Ay Aa A

Ynoloyiote (cuvoptiost Tov v 1M ave€dpmta amd avtd) to TANBog OA®V TV
SVVATAOV SOOPOUADYV TOV UTOPOVUE VO OKOAOVONGOLLE, e oKOTd vo Katain&ovpe
ota onueia B,I,AE, 6mov v axépatog peyardtepog tov 3.

Avo

xm ?,tsydkn Baon tov Tpameliov vmdpyxovv o onueio A, A, A,,...,A, . Xy
emduevn mpog ta Gve ypoupn vmapyovv ta onueie B,B,,B;,...,B,,=B. Xmyv
endpevn mpog ta ave ypoupn vrapyovv ta onueta I',I,,I5,...,T, , =T". Xt pukpn
T€hog Bdon tov tpaneliov vrdpyovv ta onueia E=A A, A, A=A

Oa ocvpuPorilovpe pe pikpd (meld) ypaupoata to TAN00C TOV TPOT®V LE TOVLG
omoiovg pmopovue va mpoceyyicovpe ta ovtictoryo onpeio (mov cvppoiilovran pe
Kepaiaio ypapupata). o mapdadetypa, pe S, cvpporilovpe to minbog tov tpoéTV pe

TOVG 0mOioVG UTOPOVLE Va TPOseyyicovpe To onueio B, .

E=A,

[lpogavas o, =a,=a,=a,=a;=--=a,=1, ST ta oviictoyo onueio
UTOpOLV v TPOCEYYITOUV Ue €va povo tpdémo (dedopévov OTL pmopodue vo
KivnBovpe pHovo mpog T 4e&1d Yo TNV TPOGEYYIoN TOVG).

Ye k0Be GAAN mepinTon, ol TPOTOL TPOGEYYIGNS TPOKVLITOVY amtd To dbpoicua
TOV TPOTMOV TPOGEYYIONG CNUEI®V, YEITOVIKOV TPOG TO. OPIGTEPH KO TPOG TO, KATM
(kaTo aprotepd kot kbTm 6e&d). 'Etot £xovpe:

p=a+a,,
B=p+o,+ta,=a,+a,+a,+a,
=q,+2a,ta, =2(a,+a,+a,)—(a, +ay),
Bi=p+ta,+ta,=a,+2a,+a,+a,+a,
=a,+2a,+a)+a, =2, +a,+a,+a,)—(a, +a,),
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Kol YeEvika Aapfavoope
b=+, +a,++ao,) (o +a,,) =2(k+1)-2=2k, ,
yo k=123,...,(v-1).
Apa &xovpe:

B=p,,=2v-1)|
Me avéAroyo tpomo vroloyilovpe TOVG TPOTOVS TPOGEYYIONG TOV CNUElV NG
TPITNG OO KAT® YPOUUUNG Kot TG HKpNG Bdomng.

V=2 + P+ B+ L) - (B+ L) =
=2Q2+4+---+2(i+1)—-(2+2i+2)=
=4(1+2+--+(i+1)—-(4+2i) =
=2(i+1)(i+2)-2(i+2)=
=2i(i+2), i=123,...,(v=-2).

Apa &yovpe:

Y=7,,=2v(v=-2)|

Opoimg, &govpe
5m =2(7/1+7/2+7/3+“.+7/m+1)_(7/1+}/m+1)=
=4(1-3+2-4+---+(m+D)(m+3))-2(1-3+(m+1)(m+3)) =
N
_4(m+1)(m+2)(2m+9)_
6

=§m(2m2+12m+19), m=12.3,...,(v=-3)..

2(1-3+(m+D)(m+3))=........

Apa éyovpe:

5:@3:§o~3xmﬂ+n.

A’ gvBeiog pmopovpe va dlamot®cove ot € =22.

Yrnoloyionoc tov afpoiopotos: S=1-3+2-4+---+(m+1)(m+3).

Xpnoyonotdvtog v 166tTa x(x+2) =x" +2x yio x =1L, x=2....,Xx =m , &{OVE:
1-3=1"+2-1
2-4=2"+2.2

3.5-3242.3 - m(m+1)(2m+l)+2m(m+1) :m(m+1)(2m+7).

6

m(m+2)=m’+2m
(m+1D)(m+2)2m+9)
6 .

O¢tovpe 6mov m 10 m+1 ko éyovue S =



	megaloi

