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Ofpato peydrov 1aEewv

Evésiktikég Moeig

Hpopiqpa 1
Bewpovpe v akorovdia (x,), n € N, mov opiletor avadpopkd omd T oxéon

3 a ; ; ; P
X ., =3x +x, ue x;=—, 6mov a,b &ivon Betikoi axéparot kot 0 3 dev doupei Tov
n+l n no 1 b > >

aképato b. Av yio kamowo Oetikd oképoo m o X, etvar TEAE0 TETPAY®VO PNTOV

apOpov, va amodeifete 6T KA1 0 X; eivor TEAE0 TETPAY®OVO PNTOL APLOpOD.

Adon

o deiovpe 6tLav o X, eivor élelo TETpdyVO pnTov, TOTE KA1 0 X, &fvor TEAELO
TETPAYOVO PNTOV, OTOTE EMAYYIKA Oa Thpovpe To {nroduevo.

H npdn mapotipnon sivor 6tL 0pov o 3 dev dwoupel tov b, dev Ba drapel Kavévay
TOPOVOUAoTH OPOL TNG akoAovBiog.

Amd TV avadpopikn| oxéon Exovue X, = 3))63171 +Xx,_;. Oftoope x, | = £ Omov 0 ¢
q
dev dupeitan pe 3 (¥) kan (p,q) =1 . Tote
3 2 2, 2
3 3p"+pq” _pGp +4q°)
xm = 3xm—l + xm—l = 3 = 3 .
q q
Apod (p,q) =1, avt elvar n avaywyn popen tov x,, . Ilpdypatt, ot apbuoi

pQ3 p2 + qz), q3 givar Tp@dTOL pETa&D TOVE, 0POD OV £VOG TPMTOG S SLALPEL KoL TOVG
80, 101€ 5| ¢° = 5| q xau s|3p? +¢* 101 5|3p* . Aol 6pOG s dev Sapei Tov p
Oa éxovpe s|3=s5=3, 3|q , dromo amd v (*).

Amd v ekpmvnon o x,, eivol t€lelo TeTpdywmvo pntov, ondte o mpémet 0 apOunTng
K0l 0 TOPOVOHOCTNG Vo gfvor TéAELD TETPAYOVAL.

[Mo va etvor 0 TapovopacTnG TEAELD TETPAY®VO, TPEMEL O g VO Vol TEAEWD TETPAY®VO,

éotm g = a® . T vo sivar o aplounmg téleto tetpdyovo, éotw p(3 p2 + qz) =2,

TPETEL KO 0L dVO TapdyovTeg va gival TEAELD TETPAYVA 0poD Elval GYETIKA TPOTOL.

’ r . s 2 2 r r
pdypatt, av évag npdtog ¢ dwpei tov p ko tov 3p~ +¢q° , 10T€ t|q , TOL €tvon
dromo apov (p,q)=1.

‘Etor p= b, 2 p2 + q2 =c?. Enopévag X, =—=—, apa o x,,_; civor téAe0

p b
q a

a
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TETPAYOVO PNTOV.
Oupota topa, Tnyaivovtog mpog ta. Tiow deiyvovpe 0TL 0 X,,_, eivol TEAE0 TETPAY®VO

pNTOL, K.0.K UEYPL VO PTAGOVUE GTOV X; .

Hpopinpa 2

Aivetat o&uydvio tpiyovo ABT pe AB < AI' < BI' kot 0 wepryeypappévog koKhog
tov ¢ pe kévipo O xar aktiva R . Xto pikpd t6€o AI' kar AB  Oewpovpe ta onueio
A xar E avtictoyya. ' Eotow K eivar to onueio topng tov BA, TE xou N givon to

de0TEPO KOWO onueio TV mepleypoppivev KokAmv tov tpryovov BKE, éotwc;, kot
I'KA (éot® ¢,). No amodeilete 0t to onpeia A, K, N givoun cvvevbelokd, av ko

pévo av, to onueio K avikel otn ovpperpodidpeso tov tpryodvov ABIT, mov

OVTIGTOLYEL BTNV Kopuon A.
Znucioon: ZouuetpoolGuecog pIymvoD eval 1 oVUUETPIKY €0Oeior TN O1OUECOD G
TPOS TH OLYOTOUO TOV TEPVAEL OO THV 1010, KOPLPY UE TH OLGUETO

Avon

“n

- taa,

\"g‘, Z
Zyua 1

1° Tpomog
‘Eoto K 10 onueio tounig tov  BA, TE xat N 710 dedtepo kowvd onueio tov

KOKAWV ¢, ¢,. Eoto axéun Z 7o onpeio topg twv epontopévev ota onueia B, T
oV KOKAOL €. Oa amodei&ovpe 6Tt T onueion K, N, 7Z eivor cuvevbeiokd.
Inpewwvoope pe T ) topr ng BZ pe tov ¢, kot P topn g ZI7 pe tov ¢,, 101¢
Ba 1ohovV 01 TOPAKAT® 1GOTNTEG YOVIDV:
Ei =T : (eyyeypoppéveg oto kokho c¢; kot faivovy oto idio 160 BK)
Ei =Bi1 : (n Bi dnuovpyeite and ) yopdn BI' kar v gpamtopévn BZ o710 kdxho
c)

A1 =Pi: (eyyeypoppéveg oto kokho ¢, Kot Baivovv oto 1610 to&o I'K)

Ar=T1: (n Tt eivar yovia g gopdng BI' kar v gpantopévng I'Z oto kdxko ¢)
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Bi=T1: (o1 ZB xau ZT' givan epantdpeveg 6o KOKAO C)

A76 11§ TOPOTAVE 16OTNTEG TPOKVTTOVY T0, EENG:
Bi =T, apa KT//BI" xou I't =Py, épa KP//BI".

Emopévog 10 tetpdmievpo BI'PT eivon 1cookeréc tpamélio kot katd ouvvémelo
gyypaypo o kOKAo (é0Tm C;).
Apa 1 kowr] xopd) KN tov kdkhev ¢, ko ¢, Ba diépyetot omd to plikd kévipo Z
TV KOKAOV ¢, ¢, , ¢ .
Av topo vroBécovue o1t ta onueion A, K, N &ivor cuvevBeiaxd, tote (emeldn kot ta
onueic K, N, T eivar ovvevbeiaxd) cvumepaivoope o0tt to0 onueion A, K, N, T eivon
ovvevbetakd , dnhadn ta onpeion A, K, N 0a avikovv oty cvppetpodidpeco AT .

Avtiotpogo. thpa, av vrobécovpe 6t o onueio K avikel ot ovppetpodidpeco AT
, 10te ta onueio. A, K, T 0a eivor cuvevbeiaxd. Ondte (emeidn ko ta onueio K, N, T

etvan ovvevBelokd) cupumepaivoope 6t ta onpeion A, K, N eivar cvveubeioxd.

2% Tpomog

‘Eotw K 10 onueio toung tov BA, TE kot N 10 devtepo kowvd onueio tov
KOKAMOV ¢, ¢,. Eoto axdéun Z to onpeio topng tev epontopévev oto onpeia B, T
Tov kuKhov ¢. Av H eivar 1o onpeio topng tov EB ka1 Al', 8a amodei&ovue 611 T01
onueia K,N,Z,H eivon ovvevbelokda.

Amd v gpapuoyn tov Bswpnuatog Pascal oto ekpuhicpévo eEdyovo BBITAE,
ovpmepaivoope 6t To onpeic H, K, Z givar cuvevbeiokd.

To onueio H éyet v id1a dOvaun wg npog to kokro ¢. Anh. HE-HB =HA-HI'.
Apa ta onueic K,N,H sivor cvvevbeiaxd. Ondte to onpeioc K, N,Z,H eivon
cvvevbelokd.




Av 1dpa vrobicovpue 61t T onueion A,K,N givar cvvevbeiaxd, 1o onueio K 0Oa

aviKel otny ovpuetpodidueco AZ .

Avtiotpoga, av to K avikel oty coppetpodidpeco AZ tote ta onueio A, K, N

glvat cuvevBeloKa.
popiqpa 3
(o) Aivovtor ov guowol apiBpol n,m  pe N<m Kol SKEKPLUEVOL TPOYUOTIKOL
apbpoid,,...,a, . No Bpebovv 6la ta tolvdvopa P pe mpaypatikodg cuViEleoTES,
Babuob 1o oAV 1, Yy Ta omoin 1GYVEL 1] 1IGOTNTA

| P(ai)_P(aj) = a,—a; [, (D)
yiokaOe 7, j pe 1<i<j<m.
(B) Aivovtai guoikoi aptBupol m,n>2 pe n < m. No e&eTdoeTe AV VIGAPYEL TOAVDVLUO
O pe mpoaypoticove cuvteleotés Pabuod 7 KobDG Kol SLOKEKPIUEVOL TPOYLOTIKOL
apdpol a,...,a, , €100l OCTE

|Q(ai)_Q(aj) <l a, —4a; B

yokaOe i, j pe 1<i<j<m.

Avon
(o) Oa aoyoinbovue TpdTa pe T0 epOTHA (o). Ady® TG cvppeTpiog voBétovpe Ot
a,>a, >...>a, Koy evkoda 0étovpe d, = P(a,)—P(a,,,) . Tote hoym g (1)

€yovpe:

ld | +]dy|+..+]d, |5
=| P(a)) — P(ay) | +| P(ay) — P(a3y) | +...+| P(a,,_)— P(a,,) |
=la—ay|+|ay—ay|+.+|a, —a,

:al —Cl2 +Cl2—a3 +...+dn171—am

=a;p—da, :lal_am|

=/ P(a\) - P(a,,) |=| P(a,) — P(ay) + P(a,) — P(a3) +...+ P(a,,_,)— P(a,,) |
=ld +d,+..+d,_,|

Avtd onpaiver 6t ot opdpoi d,,d,,...,d,  eivar opdonpot. Ondte xovpe dbo
TEPUTTACELG.

1" nepintwon: Olotot d,,d,,....d, , eivon Betwcoi. Eivor Tote amod v (1) éxovpe
ot P(a,)—-P(a,)=a,—a, = P(a,)—a, = P(a,)—a, Opow.

P(a,)-a, = P(a;)—a,,...., P(a,_)—a, ,=P(a,)—a, . Encton 6Tt

Pla)~a = P(ay)~ay =...= P(a,)~a, =k (2)

Avto onpaivet 6Tt to molvdvopo Q(x) = P(x)—x —k mov givon fabpod to modv n,
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éxel m>n doxekpyéveg pileg (ta a, > a, >...>a, ). Eneton 61t 10 Q(x) €ivar to

undevik6d molvdvopo, ondte P(x)=x+k, omov ke R..

n r o 1 ’ ’ /4 r /4 r
2" ngpintoon: Ohoror d,,d,,...,d, | eivar apvnticoi. Tote and v (1) Exovpe 0Tt

—P(a))+ P(a,)=a,—a, = P(a,)+a, = P(a,)+ a, .Enopévag

P(a))+a, =P(a,)+a, =...= P(a,)+a, =1 (3)
Avto onpaivel 6Tt to molvdvopo R(x) = P(x)+ x— A mov givau fabpod to moAd 71,
éxel m>n doxekpyéveg pileg (ta a, > a, >...>a, ). Eneton 611 10 R(xX) £lvon 10

undevik6d molvdvopo, ondte P(x)=—x+ A, 6mov A € R.

Emopévag dbo molvavopa, to P(x) =x+k xarto P(x)=—x+ A &givou ta pdva mov

TKOVOTTO100V TIG GLVOKEG TOVL TPOPANUATOG.

2 tpomog: AgvmobBécovpe 6Tt m >3 ko dtLvmhpyowy p,q,r €44y, ...,a,} OGOTE Vo

oy0eL:
P(p)-P(g)=p—-q, P(p)-P(r)=r—-p .
Me apaipeon Kotd LEAT TOV TOPATAVED TUiPVOLUE OTL
P(r)=P(q)=2p—q—r .(4)

Ouwg amod v ouvOnknm e exkpavnong Exovue 6tL P(r)— P(q)=r—q 1
P(r)—P(g)=q—r . Zv npot nepintwon 1 (4) yiveton 2r =2p = r = p, dtono
apov ot p,r €ia,....a,} mov eivan dtakekpévol. Opoa, av P(r)—P(q) =g —r 10t
n (4) diver g = p , WA dromo.

Avtd onpoivel 6t gite m < 3, gite 611 dev LVIAPYOLV TETOWL P, g, 7 €14a),....d,, } -

1" nepintwon: Av m<3,10te n=1 1 n=0. IIpopavdg n n =0 anoppintetor apod
Kkavéva otafepd molvmvopo dev wkavorotel. H n=1 diver P(x)=ax+ b, ondte npémet

la-a;+b-a-a;-b|=a; —a; = |al=1

omote P(x)=x+b, 1 P(x)=—x+b.

2" epintwon: Av dgv vTapYOVV TETOOL p,q,F € 14y,...,a,, } , TOTE €ite
P(a))—a,=P(a,)—a, =...= P(a,)—a, =k, ondte odnyovpocte oty 1"
nepintmon mov gidope otov 1° tpomo, &ite

P(a))+a, =P(a,)+a, =...= P(a,,)+a, = A, ondte odnyovpacte oty 2"

nepintmon mov eidape otov 1° tpomo.

1
(B) Oa deikovpe 6tLov Q(x)=x" Kot |g; |<— yokabe 1<i<m 1d1€ WOYvEL N
n

{nroduevn avicotta. [pdypatt,



-1, n-2 -1
|0(a;)=Oay) H g —aj Ha;—a;|-|a +a;"a; +...+a;" |(1)

Ko

-1
=gt

| +a

-2 n-1 n—1 n-2 n—1 1 1
a;+..+a; |§a'" |+la' Ca; |+ a T < + + .t = <1
J J ! i J J nnfl nnfl nnfl nnfl
ondte amod v (1) éxovpe | P(a;)— Pla;)I<|a; —a; |.
Inpeimon: 1o 6e0TEPO EPOTNLLOL VITAPYOVY KOl GAAEG TIOOVEC KATOOKEVEG TTOV LmopEl

va yivouv.

Hpépinpa 4.
®Ocwpolue n onueia oto eninedo, n >4, avd tpia un cvvevbelokd. Ovopalovpe A(n)

10 TAN00¢ TV TaparlinAoypdupmy eufadod 1 mov oynuotilovtal PLe KOpLEES OTH Ta
2

n .
, Yl KGO n>4 .

onueio. Na amodei&ete 011 A(n) <

Adon

Ytobepomotovpe pio dievbvvon U 610 eminedo. Te k&de subsio TopUAANAN G€ oV TN
devBvvon pmopei va £xovpe To TOAD 600 onueia. Ag vmobécovpe 6tTL g OTL VIAPYOLY
k Cedym onueiov yia avth ) dtevbvvon. Tote Omog QoiveTal 6To TaPuKAT® Gy
(o k£ =3), oynuoriCovtor to moAd &k —1 maparinidypappa epfadod 1 pe avtd ta
k Cevym onueiov.

k=3, oxnuarifovral 2 rapalAnidypappa

Agvboven U

Zynuo 3
Enopévog oe pio dievbvvon pe £ Cevyn onueiov, oymuatilovrar modd  k—1
mapoAinAdypappe eupadov 1. Emopévog, av abpoicovpe ta ToparAnAOYpOUpe. GE
o0\eg T1g drevBivoels, Ha Tapovpe
2 (k=D=(2k)=s.

omov s glval To cLVOALKO TTANB0G TV dlevbivoemv otig omoies Ppiokovrtal onueio. To

n
dBpoopa OpmG (Zk) glvar 10 GOpoicpo OA®V TV TUNUATOV, TOL Elvor (2)
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n
Enopévag, 1o mAnbog tov maparlinioypdupoy epufadov 1 sivor to (Zj—s. AN pe

avTd TOV TPOMO HeTpNoaE KAOE TapoAAnAOypappo dvo @opés. Mia @opd yia v

devbvvon o kot pio popd yio, T devbvvon ,ﬁ , OTL®OG PAIVETOL GTO GYNLLOL:

/ Augdluven :)"

Menboven a

Zypo 4
Emopévmg to ouvoikd tAnBog tov mapoAinioypapupumy eppadov 1 gival to Toiy

n
—s
2
2

Oua deiéovpe TOpo 011 av Epovue 1>4 onueio oto eninedo, ava Tpio pn cvvevdelod,
t6TE T0 TANB0C TV dievbiveewy glvar s = n . [pdypatt og Tapovpe TPia YEITOVIKG
onueio A,B,I" (o€ xvupt Béom) Onmwg 6TO GYNUA:

A

Zynpo 5
To onueio A ocvvdéetan pe 7 —1 tpuqpota pe to vwodrowro onueio. Olo oVTE TOL TN
gyovv koo onueio to A, ondte opilovv 1 —1 Sapopetikég dievdvvoelg. Emmiéov to
tunuo BIT dev givar TapdAAnio o€ KavEva omd avTd To TIHOTO, POV T TEUVEL OAM,
apo. opilet pia axoun dievbvvon. Enopévag éxovpe tovddpotov n—1+1=n
SapopeTikég d1evBuveoelg, ondte To TANB0G TV TapaAANAOYPAUI®Y ETVOL TO TOAD

n
—n

2) " n*-3n
2 4
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