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MA®OHMA: MAOHMATIKA OYNXHX

Hpepounvia: M. Tpity
Abpkewa Eééta

OEMA A
Al.  XZyohxko Biiio, Exdoon

A2,

B1. + yi . loyvet:

/+2)=-1-] z-3 &

—(«/12+(—1)2)2'z—3<:>
zz4+2z=-2z-3&
2z+2z42z43=0&
zE+2(z+E)+3:O<:>
x*+y?+2.2x+3=0<
X’ +)'+4x+3=0&
X’ +4x+4+)y’=4-3
(x+2)*+y* =1.
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Apa 0 YEOUETPIKOG TOTOG TMV €KOVOV TOL z givol 0 KUKAOG HE KEVTIPO
K(-2,0) xon axtivae p = 1.

AgVtepog TpomOG:

INa v eiowon x°+y> +4x+3=0¢ B’ -4I'=16+0-12=4>0

ohadn eivan KOKAOG pe KEVTPO K( adn K(-2,0) kou p = % =1.

AoV 01 €1KOVEC TOV z,z €lval oy GUULETPIKA OC TPOC TOV A&ova, x'x, O

YEMUETPIKOG TOTOG TOV z ELVE ! ) AVOKHKAOL WG TTPOG
TOV X X. XUVETMG €tvon o 1 ) ) : gtvonl onuEio Tov
dEova X 'X.

EVI]) KOl TODTOYPOVOL OVTIOLOLUETPIKEL
IUUETPIKA KOl G TPOg 10 kEvipo K,

x=-2
2 2 < 2 <
(x+2)"+y =1 vy =1 y==1

Apa ot aplBuoi z,z 7OV EMTLYYAVOLV TN HEYIGTN TIUN TOL ‘z—z‘ glvar o1

-2+i, —2—i M avtiotpoa pe e1kdveg ta onpeio A(-2,1) kou B(-2-1).
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VA

‘VN

---------- -1

B Tpoémog:
Eivou |z -z|=|2yi| =2|y| =

Tote (x+2)°+y°=1&(

avTicTPOPa.

£2+0i)| =1 |z+2] =1

e w=2z-iow+ti=2zow+4+i=2z+4ow+4+i=2(z+2)=>
=|wHd+i|=2|z+2| < |w-(-4-i)|=21=2
dNAadn ot eIKOVEC TV W avi|KOLV 6€ KUKAO pe kévtpo A(-4,-1) kon axtiva p;=2.

s , . . w+i
B Tpémoc: Apov w=2z—-iow+i=2z<z=

=1 ©w:1©|w—(—4—i)|:2

Apa |z+2|:1<:>‘WT+i+2

‘w+i+4 B

ONA. o1 EIKOVEC TV W VKOV G€ KOKAO pe kKEVTPO A(-4,-1) Ko aktiva p;=2.
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>

Exoope w=2z-icow-z=z-i=w-z|=|z—i Ladh

EIKOVOV TOV Z Ko W givon ion pe v ondot
€1KOVO. TOV 1, TOL givon To onueio A(0,1).

OEMAT

I'l. Ag@ovn f eivan mopaymyioiun Oa ivon kg
vo ng(} f(x)= lgréﬁ—lgr(}

[Ipéner f(0)= lirr(} f(x)<=Ina

['a v napaymyo oto 0 €yo

N 0omTOCTACT] TMV

EIKOVOG TOL Z Oomd TNV

o\TpoOoNIO/ Ko OVOTOVID @ Kot f{x) eaivoviol 6To TOPUKAT®
1

X —0 0 +00
g'(x) + 0 -
0
g(x) z’ 0 \
£'() - -
/@) T

AoV 1 g(x) mapovcialel péyioto oto x,=0, to g(0)=0, Ba eivon apvnTikn

v x #0.
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Apan f'(x) eivar apvnTiki ylo ke xe R onh. f | R.

+00

B. Eivar lim £(x)= lim — Zim )

x>+ x40 @¥ ] xo+o (ex — ])'

Apan C; €xet oprllovtio acHUTTOTN vhéia y=0 (dEovag x'x ).
X —00

Axo lim £(x)=lim =—
un lim 7(x) Jim —— =5

Apa to chvoro TIH®V TS A(X)

Eivar lim £ — jim €=

x> X

‘Exovpe lim (x~

X—>—0

Apa n gvbeio

ovveyn oto [0, 1] cav
2013 xn oto [0, 1]

1 di 1 1

F()+1

< ! dt<1(1-0) <
AGRS

a g(1)>0 omdte amod 1o 0. Bolzano vrdpyel tovAdyiotov pia piCa g g(x)=0
oto (0,1).
H piCa eivon povaduen yarin g(x) T [0,1] apov:

g'(x)=2- 0 agol 0< <1.

1 1
o+l F()+1
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OEMA A
Al.  Emedn yw v mapayoyiown f(x) oto [0,+ o)

A2.

gyver f'(x)>0 Ba eivan flx)

[0,+ ), cav dapopd Tapaywy
Apa K(x) T [0,+%), Sniadi

Apa v kéBe x €[0,+00 1(5;81 K(x)>0< G(x)-
=0-0nAadn 1oyvEL GOV 1IGOTNTO.
[0,x], oT0 ono'oprncm K(H)=G(t)—t eivon

ocuvaptnoewv) ko K(x)
Apa amdo O.M.T. 710V

ITTAPYEL €V ov £e€(0,x), TETO0 (OTE,
_K(x)
o
Oeivon K'(¢)>0< KXx)>0G(x)-x>0G(x)>x.
Kkd0e x €[0,+) 1oyvel K SGX)-x>20G(x)>x.

v Tpomog:/Apov G dvo mopaywyicun Oa eivan G cuveyng onorte:

o k@Be 0 1oyvet:
N>1<G'(t)-1>0.

oyl x >0 Oa eivon IOX(G’(t) ~1)dt >0 < [G(1) —t]: >0

& (G(x)-x)—-(G(0)-0)> 0 <= G(x) > x.
['a x=0 woyver Tpopavag cav 16otnta. Apa G(x)=>x yia kKabe x >0.

I'vopiovpe 611N f(x) eivon Tapayoyicun dpa kow cvvexng oto [0, +c] omdte n
ocovaptnon F(x)= J'Ox f(Hde Ba elvon Topaywyiocyun apa Ko coveyns. Anioon
lim F(x) = F(0) = 0.
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—0

, : ) lnx e
Apa LIL%[F(X)'IHX] = %gr(} =

F(x)
im0 hm(m.
x—0 x.f(x) x—0 X

i 2600 F'(x). {

x—0 1

Q) _ 0 ypAoeTAL YU {=X:

) oo F(x)-lr@'
{F(x)lnx, 0<
)= v

Hoyéon f () In&+

Oewpovpe ™ cvvdpTnon Elval Guveyng oto

Vs, 0,
[0,1] apob eivan 1 v oto (0,1] S : =0=H(0). Axoun
{ oto (0/1) ocav HLLE POYOYICIHOV Kol glvol

(G(x)—x)-(G'(x)-D)+c.

o x=0 &yovpe:

£(0)- F(0) = (G(0)— 0)-(G'(0) =)+ ¢ <> 1-0=0+c <> ¢ = 0.

Anrodn:

S (X)) F(x)=(G(x)-x)-(G'(x)-1) = 2f(x)- F(x) =2(G(x) - x) - (G'(x) - 1) &

©2F'(x)- F(x) = 2G(x) - x)-(G(x) -x) & (F*(®)) =(Gx)-x?) &
& F(x)=(G(x)-x)’ +c.
INa x=0 &yovpe:
F?(0)=(G(0)~0))’ +c < 0=0+c<c=0

Anhadn  F?(x)=(G(x)-x)’ © F(x)=G(x)—x, oo gival cuveyeic Ko
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$
b

. H egontopévn mg Gr oto (x,, F(x,)) €xet

F(x)=0 xa1 G(x)=x vy kdbe x>0 ond to gpotnua Al.

E= jox" F(x

/A 8
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YroAoyilovpe 10 epfadov tov tprywvov ABI
1

E=—-f-v.
2 o

YPNOLLOTOLDVTOG TOV TUTO

To dyog eivan  amdcTOc TS KOPLPNG A, TTO
epantopévey, amd v wievpd BT mov eivar

elven |x,
B nuari@ovv ta. onpeia B(xo,
: | =[x

Yav Baon Bewpovue v TAELPA
F(xo) xou I'(xo, G(xo), omote (BI
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